We focused on the gene regulative network involving Rb-E2F pathway and microRNAs (miR449) and studied the influence of time delay on the dynamical behaviors of Rb-E2F pathway by using Hopf bifurcation theory. It is shown that under certain assumptions the steady state of the delay model is asymptotically stable for all delay values; there is a critical value under another set of conditions; the steady state is stable when the time delay is less than the critical value, while the steady state is changed to be unstable when the time delay is greater than the critical value. Thus, Hopf bifurcation appears at the steady state when the delay passes through the critical value. Numerical simulations were presented to illustrate the theoretical results.
Introduction
In the last few years, an increasing number of noncoding RNA (or microRNA) have been discovered to play central regulatory roles in gene regulation processes of prokaryotes and eukaryotes [1] . It has become evident that miRNAs regulate a variety of biological processes, and their expression is often deregulated in human malignancy. On one hand, miRNAs play roles in tumorigenesis by modulating oncogenic and tumor suppressor pathways. On the other hand, the expressions of miRNAs can be regulated by several oncogenic or tumor suppressor transcription factors [2] . In this paper, we focus on miR449, which can induce cell senescence and apoptosis and act as a tumor suppressor through regulating Rb/E2F activity [2, 3] . In recent years, large numbers of researches have focused on the mechanisms controlling cellular proliferation associated with human cancer regulated by Rb-E2F pathway experimentally [4] [5] [6] [7] . Rb and E2F proteins play important roles in the regulation of cell division, cell growth, and programmed cell death by controlling the expressions of genes involved in these processes, which are best known for their regulation of the cell cycle at the G1/S transition [8] . As the first identified tumor suppressor gene [9] , Rb is recognized to play a fundamental role in a signaling pathway that controls cell proliferation [10] . Rb regulates the transcription of genes that are essential for DNA replication and cell cycle progression by binding and inhibiting E2F transcription factors [11] . In the Rb-E2F pathway including negative feedback loops involving miR449, miR449 provides a twofold safety mechanism to avoid excessive E2F-induced proliferation by cell cycle arrest and apoptosis [12] . Mathematical models have been established to explain the nonlinear dynamical behaviors of the Rb-E2F pathway [12] [13] [14] , which mainly concentrate on the stability and bifurcation of the deterministic systems, but not taking into account the effects of time delay.
Time delay is one of the most important characteristics of gene regulation. In many cases, a gene regulates the expression of another gene by its products (RNAs or proteins). Since it takes time to generate those products and different processes need different amounts of time, time delayed regulation is ubiquitous in cellular processes [15] . Time-delay system is also called system with aftereffect or hereditary system [16, 17] , and it is common in mathematical biology, such as population dynamics, the chemostat, neural network, blood cell maturation, transcriptional regulator dynamics, virus dynamics, and genetic network [18] [19] [20] [21] [22] [23] . Recent papers have demonstrated that complex dynamical behaviors can arise as a consequence of time delays in biological systems. For example, in gene regulatory networks, time delays may lead to oscillations in protein levels and existing oscillations may become more robust [24, 25] . Oscillatory cellular dynamics, in particular periodic oscillation, plays an important role in maintaining homeostasis of living organisms. In addition, taking into account time delays in models of gene regulatory networks is often essential to capture the whole range of dynamic behaviors. For example, in experiments, a single self-repressed gene has been observed to display oscillatory behavior, but which cannot be deduced by models that ignore time delays. However, this oscillatory behavior is reproduced by a mathematical model including time delays. In addition, theoretical analysis that ignored time delays led to the erroneous conclusion that oscillations were not possible for this single gene [18, 26] . Many kinds of methods have been introduced to infer time delayed gene regulatory network [27] [28] [29] [30] [31] . Here, we mainly use the local linearization approach to analyze the nonlinear system.
In this paper, firstly, we will introduce Rb-E2F pathway network involving miR449 modeled by time delayed differential equations. Secondly, we will study the dynamical behaviors of the model and derive sufficient conditions of the oscillation by using Hopf bifurcation theory. Particularly, we will also prove that there are periodic solutions under certain conditions. Finally, numerical simulations will be showed to illustrate the theoretical results.
A Simple Gene Regulatory Network
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Then we can obtain the characteristic equation of (2) 
where is the 8 * 8 identity matrix, and the characteristic equation (5) 
where the values of 
where
According to the Routh-Hurwitz criterion, all roots of (8) have negative real parts if and only if all the subdeterminants in the diagonal are positive; that is,
> 0, 
(2) If > 0, considering the transcendental equation (7), clearly ( > 0) is a root of (7) if and only if
6 Complexity Separating the real and imaginary parts of (11), we have
Adding up the squares of both equations of (12) Proof. Clearly, ℎ(0) = 8 < 0, and lim →∞ ℎ( ) = ∞. Hence, there exists 0 ∈ (0, ∞), so that ℎ( 0 ) = 0. This completes the proof.
Lemma 2. If 8 > 0, the sufficient condition for (15) has positive roots being (7) > 0 and ℎ( (7)) < 0.
Proof. From (16), we have ℎ ( ) = 8 7 +7 1 6 +6 2 5 +5 4 + 4 4 3 + 3 5 2 + 2 6 + 7 ; suppose the equation ℎ ( ) = 0 has seven real roots and satisfies (1) < (2) < (3) < (4) < (5) < (6) < (7), and (7) is the local minimum value, if (7) > 0 and ℎ( (7)) < 0; there exists ∈ ( (7), ∞), so that ℎ( ) = 0; this completes the proof. Suppose that (15) has positive roots; without loss of generality, we assume that it has eight positive roots, denoted by
From (12), we can get
Define
Let ( ) = ( ) + ( ) be the root of (7) satisfying ( 0 ) = 0, ( 0 ) = 0 .
Lemma 4.
Consider the exponential polynomial ( ,
, where > 0 ( = 1, 2, . . . , ) and ( ) is polynomial about . As ( 1 , 2 , . . . , ) vary, the sum of the orders of the zeros of ( , (2) is absolutely stable.
(ii) If 8 < 0 or 8 ≥ 0, (7) > 0, and ℎ( (7)) < 0, then all the roots of (7) have negative real parts when ∈ [0, 0 ); thus the steady state of system (2) is asymptotically stable. (15) 
Numerical Analysis
In this section, we demonstrate the above theoretical results by numerical method. When we take = 5, 21 = 1.4, and the other parameters are shown in Table 1 , system (1) 
The system has a positive equilibrium point = (0.4102, 1.6027, 0.3430, 0.1429, 0.0985, 0.0478, 1.2301, 3.4433). Using Theorem 5, there is a critical value of the time delay 0 = 0.122632125. The equilibrium point is stable when < 0 (see Figures 2 and 3) ; the equilibrium point becomes unstable and a Hopf bifurcation occurs when passes through the critical value 0 (see Figure 4) . The bifurcation diagrams of system (20) are shown in Figure 5 , where the control parameter is the time delay .
When we take = 3, 21 = 2.5, and the other parameters are shown in Table 1 
The system has a positive equilibrium point = (0.0561, 1.0057, 0.5478, 0.1689, 0.0427, 0.2816, 1.4875, 2.4618). Using Theorem 5, there is a critical value of the time delay 0 = 0.1334173317. The equilibrium point is stable when < 0 (see Figures 6 and 7) ; the equilibrium point becomes unstable and a Hopf bifurcation occurs when passes through the critical value 0 (see Figure 8) . The bifurcation diagrams of system (21) are shown in Figure 9 , where the control parameter is the time delay . 
Discussion
In this paper, we studied the dynamical behaviors of the Rb-E2F pathway including negative feedback loops involving miR449 by using Hopf bifurcation theory. On one hand, we gave the detailed theoretical analysis of system (1) in which there are some dynamical behaviors, and it is shown that, under certain conditions, the equilibrium point is asymptotically stable for all the delay ≥ 0; however, if these conditions are not met, there is a critical delay 0 ; when < 0 , the equilibrium point is asymptotically stable; when > 0 , periodic oscillations occur. Thus, Hopf bifurcation appears at the steady state when the delay passes through the critical value 0 . On the other hand, through numerical simulations, we calculated the critical value of 0 , giving the time courses of E2F, CycE, and miR449 both < 0 and > 0 , drawing the bifurcation diagrams of E2F, CycE, and miR449, respectively, and testifying the correctness of the theory. 
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